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⟨name⟩ name

QRQ�WHUPLQDO DEF
[defn]∗ defn ŏ [� ⟨variable⟩]∗ �

⟨variable⟩ � ⟨variable⟩ � ⟨variable⟩ . . .

�� ⟨constant⟩ ⟨variable⟩ �n n = 0, 1, 2, . . . & LGHQWLILHU
�� ���� QSVF���� OHW� LQ� LI� WKHQ� HOVH� IQ

�� ⟨expr0⟩ QRQ�WHUPLQDO ⟨expr0⟩
⟨expr0⟩

ȏ ⟨constant⟩ ⟨variable⟩ � ⟨expr0 ⟩ � IQ � ⟨variable⟩ [� ⟨variable⟩]∗ �  ! ⟨expr0 ⟩
ȏ OHW ⟨variable⟩  ⟨expr0 ⟩ LQ ⟨expr0 ⟩
ȏ LI ⟨expr0 ⟩ WKHQ ⟨expr0 ⟩ HOVH ⟨expr0 ⟩
ȏ ⟨expr0 ⟩ � ⟨expr0 ⟩ [� ⟨expr0 ⟩]∗ �

IQ �. . .�  ! . . . MDYDVFULSW IXQFWLRQ�. . .�
^. . .`

�� ⟨expr1⟩ ⟨value1⟩ QRQ�WHUPLQDO
⟨expr1⟩ ⟨expr1⟩

ȏ ⟨value1⟩
ȏ ⟨variable⟩ � ⟨value1 ⟩ [� ⟨value1 ⟩]∗ �

ȏ OHW ⟨variable⟩  IQ � ⟨variable⟩ [� ⟨variable⟩]∗ �  ! ⟨expr1 ⟩ LQ ⟨expr1 ⟩
ȏ OHW ⟨variable⟩  ⟨variable⟩ � ⟨value1 ⟩ [� ⟨value1 ⟩]∗ � LQ ⟨expr1 ⟩
ȏ LI ⟨value1 ⟩ WKHQ ⟨expr1 ⟩ HOVH ⟨expr1 ⟩

⟨value1⟩ ⟨constant⟩ ⟨variable⟩ IQ � ⟨variable⟩ [� ⟨variable⟩]∗ �  ! ⟨expr1 ⟩
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⟨expr0⟩ IQ �Z� ! Z������ �IQ �Z� ! �Z
�������� S∗

VHW LQVHUW�6new� 6� ^
VKDGRZ ← { (var , v) | ∀var , v, w V�W� (var , v) ∈ 6 ∧ (var , w) ∈ 6new }
UHWXUQ �6 \ VKDGRZ� ∪ 6new

`
// 6,6e,6∗ ⊆ variable × value

YDOXH WUDQVODWH�H[SU� ^ UHWXUQ WUDQVODWH+HOSHU�H[SU�some fixed 6∗�� `
YDOXH WUDQVODWH+HOSHU�H[SU� 6� ^

VZLWFK �H[SU� ^
FDVH� c �� UHWXUQ c� // if c is a ⟨constant⟩
FDVH� var �� UHWXUQ v LI (var , v) ∈ 6 // if var is a ⟨variable⟩
FDVH� �e� �� UHWXUQ WUDQVODWH+HOSHU�e� 6��
FDVH� IQ �x1�x2�. . .�xk�  ! e �� UHWXUQ ⟨6�e�x1�x2�. . .�xk⟩�
FDVH� GLVSOD\�e� �� UHWXUQ SULQWI�WUDQVODWH+HOSHU�e� 6���
FDVH� OHW var  e1 LQ e2 ��

Y ← WUDQVODWH+HOSHU�e1� 6��
UHWXUQ WUDQVODWH+HOSHU�e2� LQVHUW�{(var ,Y)}� 6���

FDVH� LI e1 WKHQ e2 HOVH e3 ��
Y ← WUDQVODWH+HOSHU�e1� 6��
UHWXUQ WUDQVODWH+HOSHU�Y" e2 � e3� 6��

FDVH� e0�e1�e2�. . .�ek� ��
Yk ← WUDQVODWH+HOSHU�ek� 6��
. . .

Y2 ← WUDQVODWH+HOSHU�e2� 6��
Y1 ← WUDQVODWH+HOSHU�e1� 6��
⟨6e�e�x1�x2�. . .�xk⟩ ← WUDQVODWH+HOSHU�e0� 6��
UHWXUQ WUDQVODWH+HOSHU�e� LQVHUW�{(x1,Y1), (x2,Y2), . . . , (xk,Yk)}� 6e��

`
`
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�� expr

. . . // part A

. . . e0�e1�. . .�ei�. . .�ek� . . . // part B
⇒ // 0 ≤ i ≤ k part B fn (. . .) => let

. . . // part A
OHW �m  ei LQ . . . e0�e1�. . .��m�. . .�ek� . . . // part B

. . . // part A

. . . �IQ �x1�. . .�xk�  ! e0��v1�. . .�vk� . . . // part B
⇒ // vi ⟨value1 ⟩

. . . // part A
OHW �m  IQ �x1�. . .�xk�  ! e0 LQ . . . �m�v1�. . .�vk� . . . // part B

. . . // part A

. . . LI e1 WKHQ e2 HOVH e3 . . . // part B
⇒ //

. . . // part A
OHW �m  e1 LQ . . . LI �m WKHQ e2 HOVH e3 . . . // part B

IQ �. . .�  ! OHW 6∗

�IQ �[�  ! OHW ]  K�Z� LQ ]����
⇒ OHW ��  OHW ]  K�Z� LQ ] LQ �IQ�[�  ! ������

OHW N  IQ �[�  ! [ LQ I�N�J�]��
⇒ OHW ��  J�]� LQ OHW N  IQ�[�  ! [ LQ I�N����

�� OHW var  ⟨expr0 ⟩ LQ

OHW [  OHW \  OHW ]  Z LQ ] LQ \ LQ [
⇒

OHW [  OHW ]  Z LQ OHW \  ] LQ \ LQ [
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�� OHW var  ⟨constant⟩ LQ e OHW var  ⟨variable⟩ LQ e e

var

OHW [  �� LQ OHW Z  K�[� LQ OHW ]  � LQ PXO�[�Z�]�
⇒

OHW Z  K���� LQ PXO����Z���

�� LI e1 WKHQ e2 HOVH e3 ⟨expr0⟩

. . . // part A

. . . LI e1 WKHQ e2 HOVH e3 . . . // part B
⇒ // if part B . . .

. . . // part A
OHW �n  IQ ��m�  ! . . . �m . . . // part B

. . . LQ // part C
LI e1 WKHQ �n�e2� HOVH �n�e3�

//part C

I� OHW IODJ  LI [ WKHQ \ HOVH ] LQ J�IODJ� �

�

OHW ��  IQ ����  ! I� OHW IODJ  �� LQ J�IODJ� � LQ
LI [ WKHQ ���\� HOVH ���]�

I� OHW ��  IQ ����  ! OHW IODJ  �� LQ J�IODJ�
LQ LI [ WKHQ ���\� HOVH ���]� �
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!

T

�����

ȏ T ≤ 30

ȏ
ȏ � 21000

ȏ 31 �

!

     
�n 0, 1, . . .

OHW x  e1 LQ e2 LQ IQ �. . .�  ! e

e OHW . . . LI . . .  ! e LI e1
WKHQ e2 HOVH e3 WKHQ HOVH e2, e3

��



���� ȃ

!

�
OHW [  

OHW ]  ��� LQ
OHW Z  � OHW Y  �� LQ DGG� � Y � ] � \ � � LQ
Z LQ

� IQ � X �  ! X � X � X � � � � IQ � N �  ! N � � VXE� � [ � �
�����
OHW [  SRZ � � � Q � LQ
OHW Y  LI JUHDWHU � [ � � � WKHQ IDOVH HOVH WUXH LQ
LI Y WKHQ � HOVH ��
�����

!

OHW Z  DGG� � �� � ��� � \ � LQ
OHW ��  VXE� � Z � LQ
OHW ��  IQ � X �  !

OHW ��  X � X � LQ
X � �� � LQ

OHW ��  �� � IQ � N �  ! N � LQ
�� � �� �
     
OHW [  SRZ � � � Q � LQ
OHW ��  JUHDWHU � [ � � � LQ
OHW ��  IQ � �� �  !

LI �� WKHQ
�

HOVH
�� LQ

LI �� WKHQ
�� � IDOVH �

HOVH
�� � WUXH �
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